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Heat kernels and the range of the trace on completions of 
twisted group algebras 

Varghese Mathai 

Abstract. Heat kernels are used in this paper to express the analytic index 
of projectively invariant Dirac type operators on T covering spaces of compact 
manifolds, as elements in the K-theory of certain unconditional completions of 
the twisted group algebra of I\ This is combined with V. Lafforgue's results 
in the untwisted case, to compute the range of the trace on the K-theory of 
these algebras, under the hypothesis that V is in the class C (defined by V. 
Lafforgue). 



Introduction 

For r a torsion-free discrete group, one formulation of a standing conjecture 
of Kaplansky and Kadison states that the range of the canonical trace on the K- 
theory of the reduced C*-algebra of F, is contained in the integers. However, if we 
twist the convolution by a multiplier (i.e. a normalized U(l)-valued 2-cocycle on 
r) then this is no longer true, as shown by Pimsner-Voiculescu |PiVo| and Rieffel 
|Ri| . who computed the precise range of the canonical trace on the twisted group 
C*-algebra of 1? (which turns out to be the noncommutative torus). The author 
with Marcolli in MaMa settled the case of surface groups by identifying the range 
of the canonical trace on the twisted group C*-algebra. In the present paper, we 
study the range of the trace on the i^-theory of good unconditional completions 
„4(r, a) of the twisted group algebra C(r, a) (see section IHTTjl - an example of such 
a completion is the i 1 completion of C(r, a). Our approach is to study a twisted 
analogue of the assembly map, viewed as a homomorphism 

(0.1) tf:Kl(ET)^K*(A(r,<j)), 

whenever the Dixmier-Douady invariant S(a) of the multiplier a on T is trivial. 
The map is a twisted version of the assembly map defined by Lafforgue, and the 
definition uses Lafforgue's Banach K A"-theory. We use the method of heat kernels 
to study an analytic version of the map l|0.1[) . called the twisted analytic Baum- 
Connes map in the paper, and a standard index theorem in section T4 . 31 establishes 
that both definitions are equivalent. Using fundamental results in . Lai . we prove 
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in Theorem 14 . 51 that if T is a discrete group in Lafforgue's class C, then the twisted 
assembly map is an isomorphism. The class C will be described later, but 
we mention here that it contains all discrete subgroups of connected Lie groups, 
word hyperbolic groups and amenable groups. Together with a twisted version 
of an L 2 -index theorem given in |Ma2j it is then a straightforward corollary to 
obtain a formula for the range of the trace on the if-theory of .4(r, a) in terms of 
classical characteristic classes on the the classifying space BT for proper actions, 
as explained in section 15.31 Although this formula is computationally challenging, 
it can be explicitly computed in low dimensional cases, e.g. in the case when T is 
torsion-free and BT is a smooth compact oriented manifold of dimension less than 
or equal to 4, which is done in section 15.41 of the paper. This generalizes earlier 
results of [CHMM , MaMa| , |PiVo| . |Ba(jo| . 

If in addition T has the Rapid Decay property (property RD), then we can 
choose the good unconditional completion A(T, a) to be the Sobolev completion 
H S (T, a) of C(r, er), for s large and H s (T,a) being a dense *-subalgebra of the 
reduced C*-algebra C*(T, a), stable under the holomorphic functional calculus, the 
twisted assembly map reduces to the usual twisted assembly map cf. |Ma| . 

(0.2) ^:Kf(ET)^K i (C*(T,a)). 

We prove in Theorem 14.51 that if T is a discrete group in the class C and T has 
property RD, then the twisted assembly map fi a in (|(J.2|I is an isomorphism. The 
groups that have property RD include all finitely generated groups of polynomial 
growth, all finitely generated free groups, all word hyperbolic groups, and certain 
property (T) groups such as cocompact lattices in SL(3, F) or the exceptional group 
Eg, where F is a non-discrete locally compact field or the quaternions. All of these 
groups are also in the class C. Using the earlier mentioned procedure, we also 
obtain a formula for the range of the trace on the X-theory of C*(T, a) in terms of 
classical characteristic classes on BT. 

The last section of the paper is devoted to studying the degree one of the as- 
sembly map, and following the construction of Natsume |Na| and Valette et. al. in 
BeMaVa , we determine the explicit generators of Ki(A(T, a)) and Ki(C*(T, a)), 
whenever T is a torsion-free cocompact Fuchsian group. 

The appendix, written by Indira Chatterji, establishes useful results on the 
twisted rapid decay property for (T, a) that are used in the text. One interesting 
result there is that if T has property RD, then it has the twisted RD property for 
any multiplier a on T . This means in particular that we do not have to appeal to 
the Baum-Connes conjecture with coefficients, which is a technical improvement of 
results in |Ma| . The author thanks Indira Chatterji for helpful discussions. 

1. Basics 

In this section a is a multiplier on T a discrete group, that is a map a : T x T — » 
U(l) satisfying the following identity for all 7, //, 6 e T: 

(1) er(7, S) = (7(7, (J,S)a(n, S). 

(2) f 7( 7 ,l)=a(l )7 ) = l. 

Recall that the Dixmier-Douady invariant of a multiplier a is the cohomology class 
6(a) € -ff 3 (r,Z), the image of [a] obtained under the map 6 arising in the long 
exact sequence in cohomology derived from the short exact sequence of coefficients 

-> Z -> M -> U(l) -> 0. 
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We denote by ET the universal cover of BT, the classifying space for P. The 
following lemma will be used later. 

Lemma 1.1. Let a S Z 2 (BT , R) and X C -Br a cocompact T-space. Then there 
is a map ip : T — > Cq(X ) smc/i £/iat; 

(i) ^p- 1 (x) + ip^ijx) — ip^(x) is independent of x G X . 

(ii) There is xq £ X such that <^ 7 (xo) = for any 7 G T. 

(hi) A(7,/i) = (p-y(^ixo) is an R-valued 2 cocycle that is cohomologous to a. 

Proof. Let p : ET — > BT be the canonical projection and take a lift a = 
p*(a) G Z 2 (iT,R). Since £L is contractible, there is a A G ^(ET^R) such that 
a = dA. By definition of a, we have 

= 7*0; - a = d(j*A - A) for any 7 G T. 

The element ry 7 = 7* A — A hence belongs to Z 1 (ET,M.), so that there exists c 7 G 
C°(£T,R) with ?7 7 = dc 1 . Let us show that /i*c 7 + c M - c 7Al G C°(.Er,R) is a 
constant. To do so, it is enough to see that g?(/z*c 7 + c M — c 7AI ) = 0. We compute: 

dc 7M = r}y„ = (7/i)*A- A = ^*7*A- 7 *A + 7*A- A 

= M*??7 + ?V = d(/i*c 7 + c M ) 

Let loGX, we now define 

V-.T -» C (X) 
7 i-> <p 7 , 

where <p 7 (ic) = c 7 (x) — c 7 (xo). Then 99 satisfies (i) and (ii). In particular, from 
the R-valued closed 2-form a on BT, we have produced an R-valued group 2- 
cocycle A (7, /i) = (p 7 ([iXo) on T. Also, the group extension corresponding to A can 
be described as follows. Let L A = T x R with product given by (7, r)^', r') = 
(77', A(7,7') + r + r'). If are transition functions for the principal bundle p : 
ET -> BT, define the lift = (gij,0) G P A Then t ljk = gijgjkgki = Au/,,. </,;, ; + 
A(ffifc,3fcz) is the R-valued Cech 2-cocycle on BP that is associated to the R-valued 
group 2-cocycle A on T. 

If a\u ( = d6»i, (0j - 9j)\u z nu 3 = df tJ , (fij + f jk + fki) = t ijk G R, then the Cech 
cohomology 2-cocycle corresponding to the de Rham closed 2-form a is t, by the 
well known Cech-de Rham isomorphism. 

This shows that [a] = [t] = [A] G H 2 {BT,R). 

□ 

In the notation of Lemma l 1 . II above . one verifies that (7(7, fi) = exp(— iip 1 (pLXQ)) 
defines a multiplier on T . The map tp is called a phase associated to a. 

Definition 1.2. Let A be a r-C*-algebra, we denote by C(r,A, a) the *- 
algebra of finitely supported maps from P to A endowed with a cr-twisted convolu- 
tion given as follows: for all a, b G A and 7.// G T. 

aT 7 * CT bT^ = aa 7 (6)cr(7,/z)T 7M , 

where a denotes the action of T on A. Here we think of elements of C(r, A, a) 
as finite sums ^a-y^, where a 7 G A, T 7 is a formal letter satisfying T^T^ — 
(t(7,/x)T 7M , T 7 aT* = a 7 (a) and T* = 17(7, 7 _1 )T 7 -i . 

Given a Banach norm || ||b on C(r, A, a), we denote by B(T, A, a) the comple- 
tion of C(r, A, a) with respect to the norm || \\b- 
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In case where A = C (with a trivial T-action) we simply write C(T, a). We 
often represent it as the C-subalgebra of B(£ 2 T) generated by {T7I7 G T}, where 
for 7 e r 

T 7 : £ 2 T -> £ 2 T, 

^ !-* 0"(7>m)<V' 

so that an element in C(r,<r) is a finite C-linear combination of the operators T 7 , 
and the convolution reads (for 7, /i £ T) 

T n * a Tn = (t(7,^)T 7A( . 

We shall consider several completions of C(r, a) that we now explain. The £ x - 
completion (given by the norm || X) 7 er a 7^7ll 1 = S 7 er l a 7l) yields the ^-twisted 
Banach algebra denoted by ^(r, er), which is the completion of C(r, a) with respect 
to this ^-norm. It is a straightforward computation to show that it is indeed a 
Banach algebra, contained in B{£ 2 T). Next we shall consider the operator norm, 
given by 

ll/]]op = sup{||/(0|| 2 : 11^2 = 1}, 
and the completion of C(r, a) with respect to this norm is the twisted reduced 
C*-algebra C*(T,a). Recall that a length function on T is a map £ : T — > R + 
satisfying: 

(a) £(1) — 0, where 1 denotes the neutral element in T, 

(b) e(j) = iij- 1 ) for any 7 e T, 

(c) £{jfi) < £{j) + £(fi) for any 7, n e T. 

For £ a length function on T and s a positive real number, the s-weighted £ 2 -norm 
is defined by 

|| ]Ta 7 T 7 || s = /EKI 2 (l+^(7)) 2s 

and the s-Sobolev space is the completion of C(r, a) with respect to this norm, 
denoted by Hf{T, a). If the length function is chosen to be the word length with 
respect to a finite set of generators for T, then we just write H S (F, a), omitting £ 
in the notation. Finally, the space of rapidly decreasing functions (with respect to 
the length £) is given by 

s>0 

H«°(T,a) is not an algebra in general, but it is one if V has the Rapid Decay 
property (with respect to the length £), see Definition 16.41 In fact, if T has the 
Rapid Decay property (with respect to the length £), then Hf{T,a) is an algebra 
for s large enough, cf. Corollary 16. 81 

Lemma 1.3 (Sup norm characterization). If V has polynomial volume growth 
( with respect to the length £ ), then the space of rapidly decreasing functions ( with 
respect to the length £ ) has the following sup norm characterization: 

H~(T,a) = {/ : T - C : sup 7er (|/( 7 )|(1 + £( 7 )) s ) < 00 Vs G N} 

Proof. If / e H^°(T,a), then for all s e N, one sees that the function 7 h-> 
l/(7)| 2 (l+^(7)) 2s is bounded on T, therefore 7 1— > |/(7)|(l+^(7)) s is also a bounded 
function on T. 
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Conversely, suppose that / : T — > C is such that 

sup 7er (|/(7)|(1 +l{l)Y) =C r <oo Vr G N. 
Then we estimate, 

Ei/(7)i 2 (i+^(7)) 2s <a 2 E( 1+ ^)) 2(s " r) - 

Since T has polynomial growth (with respect to the length €), we see that by 
choosing r sufficiently large, the right hand side is finite, proving the lemma. □ 

An important step is to compute the if-theory of C*(T,a). The following 
lemma shows that we only need to know the cohomology class of the multiplier. 

Lemma 1.4. Let a, a' G H 2 (T, U(l)) be two cohomologous 2-cocycles. Then 
there exists an isomorphism 

inducing the identity map on K-theory. Here B(T, a) is any *-Banach completion 
o/C(I». 

Proof. That the cocycles a and a' are cohomologous means that there ex- 
ists / : T — > U(l) such that a 1 = adf, where for 71,72 € I\ ^(71,72) = 
/(7i72)/(7i) -1 /(72) • We shall define the map ip : B(T, a) -> B{Y,o J ) on the 
generators {T 7 } 7e r by </?(T 7 ) = f{p/)T', extend it by linearity to C(r, a) and by 
continuity to B(T,a). Indeed, it is a *-homomorphism: 

fiTyTf,) = o-(7,/i)^(T w ) = ct(7,^)/(7^)T 7M 

= CT '(7, M )/( 7 )/(/i)T^ = /( 7 )/(/i)T;T; = ^(T 7 V(TJ, 

bijective (it is bijective on the generators), hence induces an isomorphism in K- 
theory, which is the identity since [T'] = [/(7)T'] in Ki(B(T,a')) for any 7 E T, 
the homotopy being given by a path in U(l) between f("f) and 1. Similarly at the 
level of K . □ 

2. Good unconditional completions 

Definition 2.1. Following Lafforgue (La], we say that a norm || m on C(r, a) 
is unconditional if for any two elements A = X) 7 er a 7^7 an< i ^ = S 7 er ^7^7 m 
C(r, a), |a 7 < |6 7 | implies \\A\\a < \\B\\a. Given an unconditional norm || \\^ on 
C(r, a), we denote by A(T, a) the completion. 

For technical reasons, since we use the heat kernel approach in this paper, 
we introduce the following special case. Assume that an unconditional completion 
,4(r, a) of C(r, a) is such that 

l|r 3 |U<c ie ^w\ v. 9 er, 

for some positive constants C\ , C2 independent of g € T and for some p such that 
1 < p < 2 which is also independent of g € T. We shall call such an unconditional 
completion a good unconditional completion of C(r, a). 

Remark 2.2. Note that i 1 is trivially a good unconditional completion, and 
that it is straightforward to see that the Sobolev completions are good unconditional 
completions as well. The operator norm is not unconditional, which means that 
the reduced (twisted) group C*-algebra is not an unconditional completion. 
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Let £ 2 (T,H) denote the space of 7i- valued square summable functions on the 
group r, where H is a separable Hilbert space with the trivial action of T. Let 
1A-h(Y,(j) denote the von Neumann algebra of all bounded linear operators on 
£ 2 (r,TC) that commute with the (T, er)-action. It is a standard observation that 
any element A G UniT, a) can be represented by a strongly convergent series, 

7 er 

where ^(7) G B(H) is a bounded linear operator on TC, defined by the formula 
A(S e ® v) = ^2 s t ® A (l) v , v eH. 

One has the following useful sufficient condition, where ® denotes the projective 
tensor product in the entire paper. 

Lemma 2.3. Let A(T, a) be a good unconditional completion ofC(T,a) and K, 
denote the algebra of compact operators on the Hilbert space TL. If A G W-^(L, er), 
A = E 7 er T 7® yl (7) is such that A(-f ) G K, and also satisfies ||A( 7 )|| < C 5 e- C6e ^ 2 
for some positive constants C5, C&, then A G -4(r, a) (g> K,. 

Proof. Observe that one has the estimate 

(2.1) #{7er|£( 7 )<n}<C 7 e c «™, 

for some positive constants C7, C$, since the growth rate of the volume of balls in 
L is at most exponential. We compute, 

7 er 7 er 

-fET n£Nf( 7 )<n 

< C 7 e C8 "Cie C2 " P C 5 e- C6 ™ 2 < 00. 

The last sum is convergent since < p < 2 by the good unconditional hypothesis. 

□ 

In |PR| . Packer and Raeburn, inspired by A. Wasserman's thesis, established 
a stabilization (or untwisting) trick. We will present a good unconditional version 
of this, in the simple case of a discrete group T, that we need in this paper. Let a 
be a multiplier on P and /C be the algebra of compact operators on i 2 (T). Observe 
that for any r-C*-algebra A, one has the following canonical isomorphism, 

(2.2) C(r, A,a)®K, = C(L, A ® K), 

where T acts diagonally on the tensor product A>S>IC, and is given by the given action 
of r on A and the adjoint action, 7 1— » Ad(T 7 ). That is, the twisted convolution on 
the left hand side of (|2.2() becomes an ordinary convolution on the right hand side 
of lf2~2^l : for all a, b G A, for all U, V G K, and for all 7.^ G L, 

a <g> Ad(T 7 )?7 * b ® Ad(T M )V = aa 7 (6) ® Ad(T 7M )C/F, 

where a denotes the action of T on A. 
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Recall that for any good unconditional completion .4(r, A, a) of C(r, A, a) there 
are positive constants C\ , C2 independent of g G T such that 

\\T g \\ A < C ie c ^\ Vger, 

for some p such that 1 < p < 2 which is also independent of g G T. But this implies 
that 

l|Ad(T 9 )|U<c^ 2C ^> p , VgeT, 

and conversely. Therefore for any good unconditional completion, one has the 
canonical isomorphism 

(2.3) A{T,A,a)®lC^A(T,A®)C). 

This isomorphism is clearly also true for general unconditional completions. 

3. Heat kernels and the analytic twisted Baum-Connes map 

3.1. Spin c manifolds and twisted spin c Dirac operators. Let M be a 

smooth r manifold without boundary. A choice of T-invariant Ricmannian metric 
g on M defines a bundle of Clifford algebras, with fibre at z G M the complexified 
Clifford algebra 

(3.1) Cl z (M) = I 0(T 2 *M<S>C) fe j /(a®/3 + /3®a-2(a,l3) g , a,l3eT* z M). 

\fe=o / 

If dimikf = 2n, this complexified algebra is isomorphic to the matrix algebra on 
C 2 . In particular the Clifford bundle is an associated bundle to the metric coframc 
bundle, the principal SO(2n)-bundlc J 7 , where the action of SO(2n) on the Eu- 
clidean Clifford algebra Cl(2n) is through the spin group, which may be identified 
within the Clifford algebra as 

(3.2) Spin(2n) = {V1V2 ■ ■ ■ V2k G Cl(2n); Vi G R 2 ", \vi\ = 1}. 

The non-trivial double covering of SO(2n) is realized through the mapping of v to 
the reflection R(v) G 0(2n) in the plane orthogonal to v 

(3.3) p : Spin(2n) 9 a = vi ■ ■ ■ v 2 k ' — ► R{vi) ■ ■ ■ R(v 2k ) = R G SO(2n). 
The Spin (2n) group, defined as 

(3.4) Spm c (2n) = {cv 1 v 2 ---V2 k eCl(2n);v i em 2n , |^| = 1,cgC, \c\ = 1}, 
is a central extension of SO(2n), 

(3.5) U(l) — » Spin c (2n) — > SO(2n), 

where the quotient map is consistent with the covering of SO(2n) by Spin(2n), i.e. 



(3.6) 



Spin c (2n) = Spin(2n) x z , U(l). 
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The manifold M is said to have a T-equivariant Spin structure, if there is an 
extension of the coframe bundle to a principal Spin c (2n)-bundle 



(3.7) 



U(l) 



Spin (2n 



SO(2n 




where Tl, the Spin (2n) bundle over M, may also be viewed as a circle bundle 
over J 7 , compatible with the T-action. The associated bundles of half spinors on M 
are defined as 



(3.8) 



J~L x Spin c (2n) S 



where S are the fundamental half spin representations of SO(2n). The L-invariant 
Levi-Civita connection determines a connection 1-form on T , and together with 
the choice of a T-invariant connection 1-form on the circle bundle Tl over T ', they 



determine a connection 1-form on the principal Spin 
F-invariant. That is, one gets a connection 



bundle Tl over M, which is 



(3.9) 



v 5®b . C °°(M,S + <g> E) -> C°°(M, T*M ® S + ® E), 



defined as V 5 ®^ = V s ® 1 + 1 ® V E , where V £ is a T-invariant connection on 
the F-invariant vector bundle E over M . Now the contraction given by Clifford 
multiplication defines a map 



(3.10) 



C : C°°(M, T*M ® S + ® E) -> C°°{M,S~ ®E). 



The T-equivariant Spin c Dirac operator with coefficients in E is defined as the 
composition 



(3.11) 



= Co V 



In this section, we will define the analytic index map for an arbitrary torsion- 
free discrete group T and for an arbitrary multiplier uonT with trivial Dixmier- 
Douady invariant 5(<r). Now let M be a manifold without boundary with a given 
smooth proper cocompact T action and a T-equivariant Spin c structure, E — > M a 
T-equivariant complex vector bundle on M , and <fi : M — > _Er a T-equivariant con- 
tinuous map. We will view the T-equivariant Spin c Dirac operator with coefficients 
in E as an operator on the L 2 -spaces, 0% : L 2 (M, S + ® E) -> L 2 (M, S" <g> E). 

Let c be an K-valued T-equivariant Cech 2-cocycle on ET and ui be a T- 
equivariant closed 2-form on M such that the T-equivariant cohomology class of 
to is equal to 4>*{c). Note that u) is exact, oj — drj, since ET is contractible. Define 
V = d + Then V is a Hermitian connection on the trivial line bundle C over 



(V) 1 



M, and the curvature of V is 
on L 2 spinors as follows: 

For u 6 L 2 (M,S ® £ ® £) 
explained in Lemma |l. ID . U^u = 7 



Then V defines a projective action of V 



let SlyU 



u (where tp is the phase for a as 
and T 7 = {/ 7 5 7 be the composition, for 
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all 7 e r. Then T defines a projective (r, cr)-action on L 2 (M, S (g> E <g> £), meaning 
that for any 7,7' 6 T one has 

T 7 Ty = cr(7,7')T 7r . 

Lct fmc '■ L 2 (M,S + (g) E (g) C) -> L 2 (M,S~ ® E <g> £) denote the twisted T- 
equivariant Spin c Dirac operator. 

Lemma 3.1. The twisted T-equivariant Spin c Dirac operator on M , 
0e®c : L 2 (M,S + ®E(g>£)^ L 2 {M,S- ® E (g> £), 
commutes with the projective (T, a) -action. 

PROOF. To simplify notation, set D n = $e%,c and Do — 0^ where we em- 
phasize the dependence on n. Then D v = Dq + ic(rf), where c(n) denotes Clifford 
multiplication by the one-form 77. An easy computation establishes that U^D n = 
D 7 -i* n U 7 and that S~ j D 1 -i* rj — D^S-y for all 7 G T. Then T 7 D n = D^T^, where 
T 7 = UySy denotes the projective (T, er)-action. □ 

3.2. Heat kernels and the analytic index. Recall the following well-known 
smoothness properties and Gaussian off-diagonal estimates for the heat kernel, cf. 
[GllKo]. 

Lemma 3.2. The Schwartz kernels k±(t,x,y) of the heat operators e~ tD±DT 
are smooth for all t > 0. Moreover, for any t > there are positive constants 
C\,Ci such that the following off-diagonal estimate holds 

\k±(t,x,y)\ < C ie - C2dix ' y)2 , x G M, y G M, 

where d denotes the Riemannian distance function on M 

For fixed t > 0, we will use Lemma f3. 21 to show the following. 

Proposition 3.3. Let A(T,o~) be a good unconditional completion o/C(r,cr). 
Then for fixed t > 0, the heat operators e~ tD D+ and e~ tD+D belong to A(T, c) ® 
/C+ and A(T, a) (8> /C_ respectively, where K,± denotes the algebra of compact op- 
erators on the Hilbert space Tt± = L 2 (J-,S^ (£> E\yr), and T denotes a connected 
fundamental domain of the action of T on M. 

Proof. We have e~ tD±D * £ U H ^ (I\ a), so that 

jer 

where hf(j) G B{7i±) has Schwartz kernel k±(t, x, jy) for x,y G T. By Lemma 
13.21 we have 

11^(7)11 < ||Mt,z,7y)Hloo < C x e~ c ^\ 
where d(^j) = inf {d(x, jy) : x, y G J-}. 
It is well known that 

(3.12) £(7) < C 4 (d( 7 ) + 1), 

for some positive constant C4. From l|3.12[l and Lemma T3. 21 we get 

(3.13) 11^(7)11 <C 5 e~ c ^ 2 , 

for some positive constants C§,Cq. We conclude using Lemma l2~31 □ 
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Definition 3.4. For fixed t > 0, define the idempotent 
e t (D+) G M 2 {A{T,a)®K) 



as follows: 



(-1 B -tD~D+\ 



e t (£>+) = | 



where A(T, a) ® 1C denotes the unital algebra associated with A(T, a) <g> fC. It 
is the analogue of the Wasserman idempotent, see e.g. Connes and Moscovici 
CoMo . Since A(T, a) is a Banach algebra, one has the invariance property of 
if -theory under stable isomorphism, K m (A(T,a)) = K,(A(T,a) ® /C). Using this 
isomorphism, the A-twisted analytic index is defined as 

(3.14) a-index^(C+) = [e t {D)\ - [E ] G K (A(T, a)), 

where t > and Eq is the idempotent 

E = (I G M 2 {A{T,a)®t). 

Since the difference et(D + ) — Eq is in M2(A(T, a) (g) /C), we see that the right 
hand side of equation 1)3. 14[) is in Kq(A(T, a)) as asserted. 

3.3. Topological if -homology and the analytic twisted Baum-Connes 
map. We shall now give a brief description of the Baum-Connes-Douglas BaCo| . 
[BaDoj version of the if -homology groups Kj(ET) (j = 0, 1). 

The basic objects are T-equivariant if-cycles. A T-equivariant K -cycle on ET 
is a triple (M, E, 0), where: 

(i) M is a manifold without boundary with a smooth proper cocompact In- 
action and a T-equivariant Spin c structure. 

(ii) E — > M is a T-equivariant complex vector bundle on M. 

(iii) <f> : M — > ET is a T-equivariant continuous map. 

Two T-equivariant if -cycles (M, E, <p) and (M 1 , E' , <//) are said to be isomorphic 
if there is a T-equivariant diffcomorphism h : M — > A/' preserving the T-equivariant 
Spin c structures on M, M' such that h*(E') = E and h*4>' = (j). Let U r (ET) denote 
the collection of all T-equivariant if-cycles on ET. The following operations on T- 
equivariant if -cycles will enable us to define an equivalence relation on II r (£T). 
Bordism: Two T-equivariant if-cycles (M^, Ej, <pi) G LT r (£T) (i — 0, 1,) are said to 
be bordant if there is a triple (IT, E, </>), where IT is a manifold with boundary dW , 
with a smooth proper cocompact T-action and a T-equivariant Spin c structure; E — > 
IT is a T-equivariant complex vector bundle on IT and (/> : IT — > X is a T-equivariant 
continuous map such that (<9IT, i5| aw/ , is isomorphic to the disjoint union 

(Mo, Eq, </>o)U(— Mi, i?i, 0i). Here —Mi denotes Mi with the reversed T-equivariant 
Spin c structure. 

Direct sum: Suppose that (M,E,<p) G n r (£T) and that E = E E x . Then 
(M, E, 4>) is isomorphic to (M, S » U (M, £T </>). 

Vector bundle modification: Let (M, i?, <p) G n r (£T) and ii be an even dimensional 
T-equivariant Spin c vector bundle over M. Let M = S(H 1) denote the sphere 
bundle of ii © 1. Then M is canonically a T-equivariant Spin c manifold. Let S 
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denote the T-equivariant bundle of spinors on H. Since H is even dimensional, iS 
is Z2-graded, 

S = S + ®S~, 

into T-equivariant bundles of 1/2-spinors on M . Define E = ir*(S + * (g> E), where 
7r : M ->• M is the projection. Finally, set = vr*0. Then (M, £?, 0) 6 n r (i?r) is 
said to be obtained from (M, £7, <j)) and if by vector bundle modification. 

Let ~ denote the equivalence relation on II r (ET) generated by the operations 
of bordism, direct sum and vector bundle modification. Notice that ~ preserves 
the parity of the dimension of the -ftT-cycle. Let 

Kl{ET) = nl ven (ET)/ ~, 

where Tl^ ve7l (ET) denotes the set of all even dimensional T-equivariant -ftT-cycles in 
n r (£T), and let 

Kr(ET)=n r odd(m/~, 
where IL^ dd (ET) denotes the set of all odd dimensional T-cquivariant -ftT-cycles in 
TF(ET). 

The analytic twisted Baum-Connes map is defined as 

(3.15) a-i4 : K^ET) -» K (A(T, a)) 

(3.16) a-i4{[M, E, <j)]) = a-indcx^( J D+), 

where D + is the twisted F-equivariant Spin Dirac operator defined as in section 

rm 

4. Twisted Baum-Connes conjecture in LafForgue's settings 

4.1. On LafForgue's Banach KK-iheory. We here recall LafForgue's def- 
initions of Banach KK-iheory in |La| . and its compatibility with Kasparov KK- 
theory. A Banach algebra A is called a T-Banach algebra if V acts on A by isometric 
automorphisms. We shall briefly sketch how Lafforgue associates to a pair of Y- 
Banach algebras (A, B) an abelian group 

KK^ an {A,B). 

An important concept in this setting is the notion of T — (A, B)- Banach bimodule 
E: to start with, E is a B-pair, that is a pair of Banach spaces E = (E < ,E > ) 
each of which is endowed with a i?-action (left and right respectively), and with a 
_B-valued and C-linear bracket satisfying 

(bx,y) =b(x,y) , (x,yb) = (x,y) b, \\ (x,y) \\ B < \\x\\\\y\\, 

(where the norms of x and y are taken in E < and E > respectively). A _B-pair E is 
called an (A, B)-bimodulc if it is endowed with a Banach algebra morphism from 
A into C(E). If A and B are F-Banach algebras, then a £?-pair E endowed with 
an isometric T-action is called a T-i?-pair, and a T — (A, B)-Banach bimodule if E 
is both an (A, _B)-bimodule and a T- .B-pair such that the morphism A — > C(E) is 
T-equivariant. Denote by E ban (A,B) the isomorphism classes of pairs a = (E,T), 
where E is a Z2-graded T — (A, _B)-Banach bimodule and T £ C(E) an operator 
reversing the graduation and such that for any aei, [a, T] and a(IdE — T 2 ) are 
compact operator on E. Two cycles a and j3 in E ban (A,B) are said homotopic if 
they are the image of the evaluation in and 1 respectively of a single element 
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in E ban (A, B[0, 1]), where B[0, 1] denotes the Banach algebra of continuous maps 
from the interval [0,1] into B. KK^ an (A, B) is the quotient of E ban {A,B) by 
the equivalence relation induced by homotopy. This defines an abelian group, and 
Lafforgue's Banach KK ban theory is compatible with Kasparov's KK-theony in the 
sense that the forgetful morphism i : Ey{A, B) — > _Ep aTl (A, B) induces a well-defined 
morphism t : KKr(A, B) — » KKY an (A, B) which is functorial in A and B in the case 
where those are T-C* -algebras. It is well-known that K*(X) ~ KK T (C (X),C), 
where X is any T-CW-complex. 

4.2. Twisted Assembly map - the idempotent method. For any sepa- 
rable r-C*-algebra C, there is a dilation homomorphism 

t cx ■ KK b r an {A, B) -> KK b r an {C ®A,C®B), 

where as in the entire paper, (g> denotes the projective tensor product, cf. jLaj . 
The following stability property is also proved in |La| : 

(4.1) KK ban (A, B) KK ban (K® A,K®B), 

where tC denotes the Banach algebra of compact operators on a Hilbert space, such 
as £ 2 (T). 

Proposition 4.1 (Twisted descent map). For any two T-C* -algebras A and 
B there is a twisted descent map 

(4.2) j r ,A* = KK ban (A, B) -» KK ban (A(T, A, a),A(T, B, a)) , 

which is compatible with the canonical homomorphism jr. a of Proposition 2.1 in 
|Ma| . 

Proof. The twisted descent map is defined as the composition of the following 
three homomorphisms. The first is the dilation homomorphism, 

(4.3) r Ki r : KK ban (A, B) — > K K ban [K ® A, K ® B), 

where the action of T on IC is determined by a and is given as in the uncondi- 
tional version of the Packer- Raeburn stabilization theorem, (|2.3|l . The second is 
Lafforgue's descent homomorphism |Laj . 

(4.4) jr, A ■ KK^ an (lC®A,lC®B) -» KK han (A(T, K ® A),A(T, JC ® B)), 

where T acts diagonally on IC <8> A and on IC <£> B. The third isomomorphism is 
obtained as a result of the unconditional version of the Packer- Raeburn stabilization 
theorem Q2.HJI . together with stability of KK ban as above l|4.1|l . 

(4.5) KK ban {A{T, JC ® A), A(T, JC®B)) = KK ban (A(T, A, a), A(T, B, a)) . 

The composition of the homomorphisms (|4.3(l . (|4.4() . and (|4.5() yields the twisted 
descent map in equation ^4.2(1 . □ 

To follow Lafforgue's construction of the assembly map we shall now define a 
canonical element in KK(C,A(T,C (X),a)) ~ if (^(r, C (X), ct)), where X C 
i^r is a free cocompact T-CW-complex. 

Lemma 4.2 (Canonical idempotent). Take h € Co(X) sucft i/iai X) 7 gt h^x) 2 — 
1 a«c? let if be the phase associated to the cocycle a. The element 

(4.6) e( 7 , x) = /i(a;)fc(7- 1 a;)e-^ (7_1 " ) 6 >t(T, C (X), a), 
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is an idempotent, which defines a class [e] £ Ko(A(T, Cq{X), a)) that is independent 
of the choice of h. 

Proof. That e belongs to A(T, Co(X), a) is clear since it is finitely supported. 
We now compute 

(e * e)(7, x) = Kx)h{g' 1 x)e'^^ lx) h{g~ 1 x)h{^ 1 x)e^ tp < ! - 1 ^~ lx) (j(g, g' 1 ^) 
ser 

= h{x)h{^- l x) ^ hig^xfe-^**- 9 ' 1 ^*- 1 ^^^, g' 1 ^ 
ser 

= hix^^x) Kg^xfe 1 ^" 1 ^ 
ser 

= h(x)h( 1 ~ 1 x)e lv -'^ lx) = e(rf,x), 

where the last equality follows from the relations described under Lemma 11.11 
Since the set of all h as in the lemma is convex, one sees that the class [e] £ 
Kq(A(T, Cq(X), a)) is independent of the choice of h. □ 

We denote by 

p : KK ban (A(T, C Q (X),a), A(T, a)) - K (A(T, a)), 

the map determined by the idempotent e, i.e. p(£) = [e]<8)_4(r j c (x).cr)C £ Ko(A(T,a)) 
for all £ £ KK ban (A(T,C (X),a),A(r,a), cf. Lemma El as done by Lafforgue 
in |La| page 42 in the untwisted case. 
The twisted assembly map, 

(4.7) t-rf : Kl(ET) ~ KK r {C (ET),Q -» K m (A(T,a)), 

is then defined as the inductive limit over cocompact r-CW-complexes X of the 
following maps: 

t-^ x : Kl{X) ~ ^ r (C (X),C) -► #*(.4(i»), 

where each map t — /j,^- x is given as the composition p o jx,A,a ° ^ that is, 

KK r (C (X), C) A ^ a "(C (X), C)) Jr 4'' (A(T, C (X), a),A(T, a)) A K,(A(T, a)). 



4.3. On the equivalence of the analytic twisted Baum-Connes and 
twisted assembly maps. We sketch the equivalence of the twisted assembly maps 
given by equations l|4.7|) and 13.15fl . 

As in section 13.31 let (M, E, <fi) denote a T equivariant /T-cycle. Then the 
analytic twisted Baum-Connes map is defined as in l|3.15|l in terms of the analytic 
index, 

(4.8) a-rf : K^(ET) -» K (A(T, a)) 

(4.9) a-rf([M, E, 0]) = a-mdex*(D+), 

where D is the twisted Spin c Dirac operator defined as in section l3~T1 

On the other hand, section l4~2l defines a twisted assembly map in terms of the 
class of an idempotent, [e] £ Kq(A(T, Co(X),a)), as 

(4.10) t-nf: Kq (EF) -> K (A(T, a)) 
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(4.11) t-i4([M, E, <(>]) = t-mde^(D+), 

where i-index^(L>+) = [e] <gU(r,c (x),<r) 3r,A,a{[M E cj>} ) 6 K (A(T,a)). 

A direct application of the scheme of section 4, |Ka2| . establishes the following 
index theorem, 

(4.12) a-index^(L>+) = i-index^(L>+) S K (A(T, a)). 

Therefore the analytic twisted Baum-Connes map a — /j£ and the twisted as- 
sembly map t — /i^ are equal, so we will henceforth denote either of these by /i^. 

4.4. Unconditional analog of the twisted Baum-Connes conjecture. 

The following conjecture is natural in view of the above computations combined 
with Lafforgue's work, and it amounts to a twisted Bost conjecture in case where 
we choose the unconditional completion to be . 

Conjecture 1. Let T be a countable group and a a multiplier on T with 
trivial Dixmier-Douady invariant. Then for any unconditional completion A(T, a) 
ofC(T,a), the twisted assembly map 

A*ff : Kj (ET) - Kj (A(T, a)), j = 0, 1, 

is an isomorphism. 

This conjecture is strongly related to a twisted version of the Baum-Connes 
conjecture (sec BaCo ). 

Conjecture 2. Let T be a countable group and a a multiplier on T with trivial 
Dixmier-Douady invariant. Then the twisted assembly map 

: Kj (ET) -> K 3 (C* r (T, a)), j = 0, 1, 

is an isomorphism. 

To prove Conjecture |3 in some cases, we first prove Conjecture ^ an d deduce 
Conjecture |21 from Conjecture Q when the groups in addition have property RD, 
using Proposition 16.111 To prove Conjecture ^ i n case where the group T is in 
Lafforgue's class C we need to first recall some facts and definitions. Let A be 
a proper P-C*-algebra. Then a Dirac element a e KKq(A,C) and a dual Dirac 
element j3 £ KKq (C, A) satisfy the following conditions, 

a® c (3 = leKK^{A 7 A) 

(4.13) 

(3® A a = 7 e^K r (C,C), 

where 7 is the idempotent as defined by Kasparov in |Ka| . Lafforgue in |Laj or 
Valette in jVaj. The Dirac element a gets its name as it is constructed using a 
Spin c Dirac operator. 

Definition 4.3. We say that a group T has the Banach Dirac-Dual Dirac 
property if the element 7 £ KK r (C, C) is trivial in KK^ an (C, C). 

Recall that Lafforgue's class C defined in |La| contains all countable discrete 
groups acting properly and by isometries either on a Hilbert space (those are said to 
have the Haagerup property, see |aT| . which include amenable groups, free groups 
and the property is closed under free and direct products), on a strongly bolic space 
(e.g. CAT(O) groups, hyperbolic groups due to Mineyev and Yu [MiYuj L or on 
some non-positively curved Riemannian manifolds (as linear groups). 
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Theorem 4.4 (Lafforgue [Lap . Any group T in the class C has the Banach 
Dirac-Dual Dirac property. 

Theorem 4.5. Suppose that T is a discrete group that has the Banach Dirac- 
Dual Dirac property, and that a is a multiplier on T with trivial Dixmier-Douady 
invariant. Then Conjecture^ is true. 

If in addition, T has property RD, then Conjecture^ is true. 

Sketch. It follows from Lafforgue's work that we can find a proper F-C*- 
algebra A and a Dirac element a G KKf(A, C) and a dual Dirac element (3 € 
KK[(C,A) such that 

1 = {3® A a = l in KK^ an {C,C). 
Then consider the following commutative diagram: 

®c/3 



K\ (ET) 



KK\ (ET, A) 



■K*(A(T,A,a)) 



i jr(a) 



Kl (ET) 



with the fact that, using Proposition 14. II composites on the top and the bottom 
lines are identity. □ 



5. On the range of the trace, conjectures and applications 

5.1. Characteristic classes. We recall some basic facts about some well- 
known characteristic classes that will be used in this paper, cf. |Hir] , 

Let E — > M be a Hermitian vector bundle over the compact manifold M that 
has dimension n = 2m. The Chern classes of E, Cj{E), are by definition integral 
cohomology classes. The Chern character of E, Ch(_E), is a rational cohomology 
class 

m 

Gh(E) = ^Ch r (£), 

r=0 

where Ch r (E) denotes the component of Ch(_E) of degree 2r. Then Cho(£') — 
rank(.E), Ch\(E) — ci(E) and in general 

Ch r (E) = -P r (E) e H 2r (M,Q), 
r\ 

where P r (E) S H 2r (M, Z) is a polynomial in the Chern classes of degree less than 
or equal to r with integral coefficients, that is determined inductively by the Newton 
formula 

P r {E) - Cl (E)P r ^(E) + ... + (-l) r - 1 c r . 1 {E)P 1 (E) + (-l) r rCr(E) - 0, 

and by P (E) = rank(£). The next two terms are Pi(E) = c x {E), P 2 (E) = 
Cl {E) 2 -2c 2 (E). 

The Todd-genus characteristic class of the Hermitian vector bundle E is a 
rational cohomology class in H 2 '(M,Q), 

m 

Todd(£) = ^Todd r (^), 

r=0 
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where Todd r (i?) denotes the component of Todd(-E) of degree 2r. Then Todd r (-B) = 
B r Q r (E), where Q r (E) is a polynomial in the Chern classes of degree less than or 
equal to r, with integral coefficients, and B r ^ 0, B r G Q are the Bernoulli numbers. 
In particular, Toddo(-E) — BqQq = 1. 

For the rest of this section, we use the notation of Section \3.1\ 

5.2. An L 2 index theorem. Let r be the canonical trace on A(T,a) 
defined by evaluation at the identity element of T. It induces a linear map 

[r] : K (A(T,a)) -» R, 

which is called the trace map in if -theory. Explicitly, first r extends to matrices 
with entries in A(T, a) as (with Trace denoting matrix trace): 

T (f ® r) = Trace(r)r(/). 

Then the extension of r to i^o is given by [r]([e] — [/])= r(e) — r(/), where 
e and / are idempotent matrices with entries in «4(T, ct). 
We will compute [r] o ^(Kq(ET)) as follows. 

[r]o^([M,£7,0]) = [r]([e t (£>)]-^ ]) 

= T (e- tD ~ D+ )-T(e- tD+D ~) 

= c [ Todd(M) Ae u ACh(E), 

where £> + = denotes the twisted T-equivariant Dirac operator and D~ de- 

notes its adjoint. Here the local index theorem is used to deduce the last line, cf. 
the Appendix in |Ma2j . Here cq = l/{2it) n / 2 is the universal constant determined 
by the Atyiah-Singer index theorem, see |AtSi| , n — dim Al, Todd and Ch denote 
the Todd-genus and the Chern character respectively, lo is the curvature of the con- 
nection on the trivial line bundle C that is described in Section 13. II This theorem 
is also a consequence of section 14.31 

5.3. Range of the canonical trace. Here we will present some consequences 
of the twisted Bost conjecture above and the twisted L 2 index theorem described 
in subsection 15 . 21 above . 

The following result is an easy modification of a result in |Maj . 

Theorem 5.1 (Range of the trace theorem). Suppose that (T, a) satisfies Con- 
jecture^. Then the range of the canonical trace on Kq(A(T, a)) is given by 

| c J Todd(M) A e" A Ch(E); for all (AT, E, 4>) G C on (£r) j . 

Remarks 5.2. The set 

c / Todd(M) A e u A Gh{E); for all (M, E, 0) G n£ ven (£T) \ , 
Jm/f J 

is a countable discrete subgroup of R, but it is not in general a subgroup of Z. 
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Remarks 5.3. When r is the fundamental group of a compact Riemann surface 
of positive genus, it follows from jRij in the genus one case, and jCHMM) in the 
general case, that the set 

| c J Todd(M) Ae u A Ch{E) ; for all (M, E, 0) G n^ von (ET) j , 

reduces to the countable discrete group Z + 9Z, where 9 € [0, 1) corresponds to the 
multiplier a under the isomorphism _ff 2 (T;U(l)) = K./Z. 

Proof of Theorem 15.11 By hypothesis, the twisted assemby map \x£ is an 
isomorphism. Therefore to compute the range of the trace map on Kq(A.(T, a)), it 
suffices to compute the range of the trace map on elements of the form 

l4 ( [M, E, (f)]), [M,E,<f>}£ (ET) . 

Here (M,E,<fi) G n;T vcn (£T). By the L 2 index theorem described in section 15751 
above, one has 



[T](rf([M,E,<t>])) = c / Todd(M) A e w A Ch^), 
J M/r 

as desired. □ 
Therefore we deduce the following. 

Corollary 5.4. Suppose that (Ru) satisfies Conjecture^ then the range of 
the trace map on Kq(C*(T, a)) is 



co 



[ Todd(M) A e w A Ch(E); for all (M, E, <j)) 6 ll T even {ET) 
J M/r 



5.4. The 3 and 4 dimensional cases. We explicitly determine the range of 
the trace in the special case when T is torsion-free and BY is either a three or a 
four dimensional smooth compact manifold. In the three dimensional case we get 
the following. 

Theorem 5.5. Let V be a torsion-free group such that (T, a) satisfies Conjecture 
0J and such that BY is a smooth, compact oriented three dimensional manifold. 
Then the range of the trace map is 

bi 

(5.1) [tr](K (A(Y,a)))=Z + J2z9i, 

i=i 

where for i = l,...,b\, 9i = Co (rji U uj, [BY]) and the rji's are generators for 
H 1 {BY,Z)C\H 1 (BY,R) ', h — dim H 1 (BY, M) and a = e" . 

Proof. Since any smooth, compact oriented three dimensional manifold is a 
spin manifold, it satisfies Poincare duality, 

Ko(BY) = K\BY). 

The range of the trace [tr](Xo(^l(r, cr))) simplifies to 



(5.2) 



| c J Todd(Br) Ae" A Ch odd (E); for all E £ K 1 (BT)^ 
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For dimension reasons, Todd(Sr) = 1, e u = 1 + to and Ch odd (E) = c° dd (E) + 
Cb% dd (E). Therefore equation (|5.2() reduces to 

(co f c° 1 dd (E) Alu + c f Ghf d (E); for all E G ^(OT)) . 

I JBT JBT J 

By the Atiyah-Singer index theorem |AtSi| , one knows that 

c [ Chl dd (E) e Z for all E E K 1 (BT). 

JBT 

The proof is concluded from the fact that cf d (E) = c° 1 dd (det E) € H 1 (BT, Z) n 

F^sr.R). □ 

We now turn to the four dimensional case. Let Q(a,b) = (a U 6, [-BF]), for 
a, 6 6 _ff 2 (r,R), be the intersection form on £?r. Define the linear functional 
T u : H 2 (T,Z) — > R as T w (a) = Q(w,a). Then the following is a consequence of 
Theorem 15 . II and the proof of Theorem 2.5 in MaMa . 

Theorem 5.6. Let T be a torsion-free group such that (T, a) satisfies Conjecture 
Q and such that BY is a smooth, compact oriented four dimensional manifold. Then 
the range of the trace map is 

(5.3) [tr](K (A(T,a)))=Z9 + Z + B, 

where 2(2n) 2 9 = ([uUw], [BT]), and B = range(T w ). 

Remarks 5.7. Here li is as in subsection 15.21 If a\, . . . ,a r are generators of 
H 2 (BT,Z) n H 2 (BT,R), where r = dim H 2 (BT, R), then we can express equation 
lUESJl as, 

r 

[tv](K Q (A(T,a))) =Z9 + Z + ^Z9j, 

i=i 

where 9j = (wU aj, [-Br]) for j = 1, . . . , r. 

5.5. The trace conjecture for unconditional twisted group comple- 
tions. The calculations done earlier in the section validate the following bold con- 
jecture. 

Conjecture 3. Let V be a torsion-free group such that (T, a) satisfies Con- 
jecture^ and such that the classifying space BT is a smooth, compact, oriented 
manifold. 

(1) (Even dimensional case) Suppose that BT is of dimension 2n. If a\(j), . . . , ab 2j (j) 
are generators of H 2 -> (BT, Z) n H 2 ? (BT, M), where b 2j = dim H 2j (BT ,R) , then the 
range of the trace map is 

n—l b 2j 

(5.4) [tr](K (A(T, a))) = Z + Z9 + J2Y, Zr kJ,nO k (j), 

3 = 1 fe=l 

where 9 k (j) = ([iO n ^ U a k (j)}, [BT]) for k = 1, . . . , b 2j , 2(2^9 = {[lo% [BT]) and 
r k,j,n are universal constants. 



HEAT KERNELS AND COMPLETIONS. 



19 



(2) (Odd dimensional case) Suppose that BT is of dimension 2n—l. Ifai(j), . . . , ab 2j _ 1 
are generators ofH 2 ^ 1 {BT, Z) nH^^iBT, R), where b 2j -i = dim £f 2j_1 (-Br, M), 
then the range of the trace map is 

n—l &2j— 1 

(5.5) [tr](K (A(T,a))) =%+Y,Y, Z7 l,-,A(j), 

j=i fc=i 

where 8k{j) = ([u> n ~ J U dk(j)], [BT]) for k = 1,... , &2j-i an d r 'k j n are universal 
constants. 

Remark 5.8. In section 15.41 we have a more explicit form of Conjecture |3 
whenever the dimension of BT is less than or equal to 4. 

6. Generators for K\ of twisted group algebra completions of surface 

groups 

In this section we shall focus on the degree one part of conjecture ^ an d more 
precisely we shall identify the generators for K\ of a fundamental group of a Rie- 
mann surface. We assume that all the groups are torsion-free. We shall more 
generally obtain partial results in low-dimensional homology [BT of dimension less 
than or equal to 2). In this case, there exist (as shown by Natsume in |Naj in the 
untwisted case) natural homomorphisms 

Pt : i?i(r,Z) = T ab -> K^BT) 

PI :ffi(r,z) = r ab -> 

such that (3% — \i\ o /3{. Here -4(r, cr) is any good unconditional completion of 
the twisted group algebra C(r, cr). Defining (3 t : T ab — > A'i(-Br) has been done by 
Valette in jVa) . and we recall here the construction. Since tti(BT) = T, an element 
7 G r can be viewed as a pointed continuous map 7 : S 1 — > -BR inducing a map in 
-fT-homology, 

7* : ^(S 1 ) -> K^BT). 

The generator of ^(S 11 ) ~ Z can be described by the class of the cycle (tt,D) 
where ir is the representation of C(S 1 ) on L 2 (S l ) by pointwise multiplication and 



An element 7 £ T gets then mapped to the class of the cycle 7*(7r, D) = (7*71-, D), 
where for X a compact subset of -Br containing 7(5 1 ) and / 6 C(X), 7*7r(/) = 
7r(/ o 7) is the pointwise multiplication by / o 7 on i 2 (5 1 ). In other terms one 
defines 

7 H-> [(7»7T,£))]. 

According to Valette in |Va| . the map /3t : T — > -ftTi(-Br) is a group homomorphism 
and hence factors through 

Pt : r ab -» jf x (Br). 

To define /3£ : T ab — » _K"i(.A(r, cr)), simply map a representative [7] of T ab to the 
class [Tij]] of the invertible operator TLi in _4(r, cr). The following is then an 
adaptation of a result due to Natsume |Na| , and the proof we give here is an easy 
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twist of the one given in jVa] , taken from [BeMaSS] . It explains how the map (3t 
is related to the maps [i\ and (3%. 

Proposition 6.1. For a a multiplier on T with <5(er) — 0, we have that (3° — 

Ma ° A- 



Proof. It is enough to see that 



#i(.A(I»). 



For 7 € r, denote by 7 the (unique) homomorphism Z 
Consider then the diagram 



r such that 7(1) = 7. 




K x (A{Z,<t))— +Ki{A{T,ct)) 



K\{BT) 



where by abuse of notation a denotes also the multiplier a restricted to Z. That 
/3 CT o 7 = 7„ o /?£ is a simple computation, (3t 1 — 1* by definition of /3 t , and 
7* Mi = fJ-i 7* by naturality of the twisted assembly map (see [Map . That 
Pa = Mi A follows from the proof of the isomorphism [21 for Z (see |Map and we 
conclude the proof by a diagram chase. □ 

Corollary 6.2. Let V g be the fundamental group of a compact Riemann sur- 
face of genus g > 1. Then the map (3° is an isomorphism. 

Proof. It is well known that (3t is an isomorphism in this case. Also r g is 
in class C and has property RD, so that [x£ is an isomorphism. The result now 
follows from Proposition ^. II □ 

Remark 6.3. This corollary shows that we have obtained in particular the ex- 
plicit generators for Ki(C*(T g , a)), since T g has property RD. More explicitly, con- 
sider the standard presentation of T g in terms of generators and relations, namely, 



r n 



1 j , bj 



Y[[aj,bj] = 1 

3=1 



Then by Corollary IO the unitary operators {T aj ,T bj g U(l 2 (T)) : j = l,...g} 
form a natural set of generators for Ki(C*(T, cr)) over Z. The corollary at the 
same time gives explicit generators for K\{A{T g ,u)) for any good unconditional 
completion. 



6.1. X-homology. Thanks to |THMM| . Ki (C* (T. cr)) ^ l?a and KJC* (V. a)) 
Z 2 whenever T = T g as above. Moreover, we have determined a natural set of 
generators for Ki(C*(T g ,a)). It was also shown in CHMM that C*(T, a) is a 
.R'-amenable C*-algebra. These two facts together with the universal coefficient 
theorem |RSJ enable us to also compute the /-^-homology groups as 

a)) = Z 29 , 
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and also 

where the K- homology groups K l (C* (T, a)) are defined as usual as the Kasparov 
groups KK l (C;(T,a),C) for i = 0, 1. 

Appendix: Twisted Rapid Decay 

by Indira Chatterji, 

Department of Mathematics, Cornell University Ithaca NY 14853, USA. 
email: indira@math.cornell.edu 

Throughout this appendix, T is a finitely generated group, endowed with a 
length function £, and a is a multiplier on T. We adopt the notations used in the 
first paragraph of the paper. 

Definition 6.4. We will say that the group r has a-twisted Rapid Decay 
property (with respect to the length I) if 

H?°(T,o-)CC* r (T,a). 

We just say that the group T has the Rapid Decay property (with respect to the 
length I), if it has the tr-twisted Rapid Decay property (with respect to the length 
t) for the constant multiplier 1. For short, we shall say that a group T has property 
a-RD if there esists a length function i with respect to which T has the er-twisted 
Rapid Decay property 

Remark 6.5. In the context of noncommutative geometry, the reduced C*- 
algebra C*(T, a) represents the space of continuous functions on a noncommutative 
manifold, and H^°(T, a) the space of of smooth functions on the same noncommu- 
tative manifold. This comes from the abelian case, where using Fourier transforms, 
one easily sees that C*(Z n ) = C(TT) and that H^(Z n ) = C oc (T™) (for the word 
length associated to the generating set S = {(±1, 0, ...),..., (0, ... , ±1)} of Z n ). 
The (cr-twisted) Rapid Decay property can be rephrased as the desirable property 
that every smooth function on the noncommutative manifold is also a continuous 
function. 

PROPOSITION 6.6. Let a be a multiplier on T and I be a length function on T. 
The following are equivalent: 

(1) T has a-twisted Rapid Decay (with respect to the length £). 

(2) There exist constants C,s > such that for any f e C(T, a) 

||/||op<C||/|| a . 

(3) There exists a polynomial P such that for any f € C(T, a) and f supported 
in a ball of radius r 

\\f\\ op <P(r)\\f\W- 

(4) There exists a polynomial P such that for any f,g 6 C(r, a) and f sup- 
ported in a ball of radius r 

If **g\W < ^(OII/ll^rlMl^r- 
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Proof. (1) 4=> (2) As in the case of untwisted Rapid Decay, the inclusion 
Hg°(r,a) C C*(r, a) is continuous since both inclusions Hg°(T, a) C £ 2 T and 
C*(r, cr) C ^ 2 r are continuous. Since H^°(T, a) is a Frechet space, the continuity of 
the inclusion H^(T, a) C C*(T, cr) rephrases as the statement of (2). The converse 
is obvious since H s e +1 (T) C ff|(r). 

(2) =>- (3) (4) Take / E C(r, cr) supported in a ball of radius r, then 



up 



< C\\f\\ s = C l/(7)l 2 (l +^(7)) 2s < C(l+ry\\f\\ Pr . 



7er 



Hence (3) follows. Since \\f\\ op = sup{ "^y 9 j f2r |0 + g E £ 2 T} we deduce (4) as well. 
That (4) implies (3) is by definition of the operator norm. 

(3) => (2) For n E N, denote by S n = {7 G T\n < £("/) < n + 1} the sphere of 
radius n. For / G C(r, a) we have: 

00 oc 
\\.f\\o P =\\J2 X M\ Sn )\\o P <J2y\sJo P , 

so that using (3) we get the following bound 

00 00 

\\f\\ oP < E p ( n + 1 )ii/i^n^<E c ("+ 1 ) fc \f\sjtr 



n=0 n=0 



c A 



J2(n + l) 2k+2 \\f\sJ% r <C'\\f\\ k+1 



\ n=0 \ n=0 

where C is some constant bigger than Ctt/6. □ 

The following proposition was known by Ji and Schweitzer jJiScj , but the proof 
we give here might be shorter. 

Lemma 6.7. Let £ be a length function on T. IfT has Rapid Decay (with respect 
to the length £), then T has a -twisted Rapid Decay (with respect to the length i) for 
any multiplier a. 

PROOF. Take 7 G T, then: 
1/ .9(7)1 = I E /(7~V)5(mM7~V,m)I < E l/(7~V)l IsMI = l/l * l<?l(7) 

so that summing and squaring over 7 G T yields 

11/ ** g\\pr < lll/l * \g\\\*r < P{r)\\f\\pv\\g\W 

and we conclude that T has cr-twisted Rapid Decay using the previous proposition. 

□ 



The following corollary is the first part of Proposition 2.1 in |La2| with an 
obvious modification. 

COROLLARY 6.8 (Noncommutative Sobolev Embedding Theorem). Let £ be a 
length function on T . IfT has Rapid Decay (with respect to the length £), then there 
is a constant S sufficiently large such that for any multiplier a onT and any s > S , 
H^(T,a) is a Banach algebra such that Hf(T,cr) C C*(T,a). 
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Proof. Let s be bigger than the degree of the polynomial of point (3) in 
Proposition ^. 61 We first have to show that there is a constant K — K(s) such that 
for any f,g £ C(T,a), \\f * CT g\\ s < K\\f\\ s \\g\\ s . But this is true since ||/ * CT g\\ s < 
|| |/| * |.g||| s and |||/| * |p||| s < K'\\f\\ s \\g\\s by Proposition 2.1 part (a) in [EE2] 
(see also Proposition 8.15 in |Va| ) since we assumed that T has Rapid Decay (with 
respect to the length £). Therefore Hf(T, a) is a Banach algebra. By Lemma lfiTl we 
know that since Y has property RD, T has property a- twisted RD for any multiplier 
a on r, and hence Hf(T,cr) C C*(T,a) follows from Proposition 16.61 part (2). □ 

Remark 6.9. In the context of noncommutative geometry, Corollarv l6.8l can be 
viewed as the analog of the Sobolev Embedding Theorem for a compact manifold M , 
a simplified version of which saying that any function in the Sobolev space W S ' 2 (M) 
for s > dimM/2 is actually continuous. Indeed, using Fourier transforms, on can 
see that W s ' 2 (T n ) ~ _ff|(Z ra ) for the word length associated to the generating set 
S = {(±1, 0, ...),..., (0, ... , ±1)} of Z n , and that C r *(Z) ~ C(T"). 

Example 6.10. Groups having Rapid Decay notably include: Polynomial growth 
groups (Jolissaint |.1o|). free groups (Haagerup |Ha| ) and more generally Gromov 
hyperbolic groups (Jolissaint-de la Harpe dH .), cocompact lattices in SL 3 (F) 
where F is the p-adic field Q p , R, C,H or E 6 (_ 2 e), as well as finite products of 
rank one Lie groups (see Rammagge-Robertson-Steger [RaRoSt] , Lafforgue |La2| 
and |Chp and all lattices in a rank one Lie group, see |ChR| . 

Question: Is it possible to find a group T which doesn't have Rapid Decay, but 
which has cr-twisted Rapid Decay for some multiplier a on T (or does the converse 
of Lemma f6 . 71 hold) ? 

The following is the second part of Proposition 1.2 of |La2) with a trivial 
change. But we still recall Lafforgue's proof below for the sake of completeness. 

Proposition 6.11. Let i be a length function on T. IfT has Rapid Decay (with 
respect to the length t), then for any multiplier a on V and for s sufficiently large 
(and also for s = oo), the inclusion Hf(T,a) C*(r,er) induces an isomorphism 
in K -theory. 

Proof. The idea of the proof is as follows. By Corollary 16.81 there exists 
S > and finite such that for any s > S, Hf(T, a) C C*(T, a), and since C(r, a) C 
Hg(T, a), it follows that Hf(F, a) is a dense *-subalgebra of C*(F, a). All we have 
to show is that the inclusion i?|(r, a) C C*(T, a) is spectral, it then follows (see 
e.g. Proposition 8.14 of [Vaj) that the inclusion H^(T,a) C*(T, a) induces an 
isomorphism in if-theory. 

Now, for two number s, t such that S < t < s the first step is to show that 
7J|(r,cr) is stable by holomorphic functional calculus in Hj(T,a). To do so, and 
since Hf(F, a) is dense in Hj(T, a), it is enough (see Remark 8.13 in |Va| ) to prove 
that the spectral radius p s (f) of / S i?|(r, cr) is the same as pt(f), the one of 
/ £ H\(T, a), namely that 

(6.i) km \\r an \\l /n = ism \\r° n \\t /n , 

n — >oo n — ^oo 

where for n S N we set f*" n = f * a f *a ■ ■ ■ *a f ■ Notice that since t < s, then 



||t < || || s and hence pt(f) < Ps(f), so we only need to prove the other inequality. 
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For 7 £ r, using the triangle inequality one sees that 

|/*" n (7)| < E l/(77r 1 )ll/(7i7 2 " 1 )l-..|/(7«-27^i)ll/(7™-i)l 
7i,...,7„_ier 

E l/(7l)|---|/(7«)l 

7i— 7»=7 

Therefore, using that (1+^(7))*-' < n s "* ELi^ + ^i)) 5 ^ if 7i •••7n =7 (which 
follows easily from Lemma 1.1.4 (3) in |.To) ) we deduce that 

|]/*""|| s = ||(l + ^) s -7*" n || t ^n'-'^K^WfUfW?- 1 , 
where K = K(t) is the constant in the proof of Corollary 16. 81 Taking the n-th root 
and the limit shows that lim^^ ||/*' n ||s /n < K\\f\\ t . Replacing / by f*° m in the 
previous inequlity, taking the m-th root and the limit shows p s {f) < Pt(f)- We can 
now show that iJ|(T, er) C C*(T, a) is spectral, namely that for / £ Hf(T,a), its 
spectral radius p s {f) equals p*(f), its spectral radius as an element of C*(T, a). If 
p s {f) = it is clear because p*{f) < Ps{f)- Otherwise, Holder's inequality shows 
that 

ii/ii* <ii/ii!ii/iiS, 

and hence 

\r° n \\o P > \\r- n yr > wr^wrwr-iu ^> 

so that we conclude using equality (|(j.l|l . □ 
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